Abstract. Ballinger et al. have determined the list of all prism manifolds that are possibly realizable by Dehn surgeries on knots in S 3 . In this paper, we explicitly find braid words of primitive/Seifertfibered knots on which surface slope surgeries yield all the prism manifolds listed above. This completes the solution to the prism manifold realization problem.
parallel strands along the longitudes of T (B, k) and T (T +1, a) respectively and gluing the torus tangles together with appropriate choices of orientations, we obtain an embedding of K in the genus two surface Σ. This will be our embedding for knots in families Spor, 1B 1 , 2, 3B, 4, and 5. Let the handlebodies inside and outside Σ be H and H respectively. Suppose π 1 (H) is generated by x, y and π 1 (H ) is generated by x , y . Let w, w be the conjugacy classes of K in π 1 (H) and π 1 (H ). Note that the exponents of each generator in w or w always have the same sign. We choose x, y, x , y such that their exponents in w, w are all positive. For example, the knot above is obtained by gluing together T (6, 4) and T (4, 1). Here x, x are the longitudes of these torus links, so they generate π 1 (H). We have w = (xy) 2 (x 2 y) 2 and w = x 4 y .
For families 1A, 1B 2 , and 3A, we cut open the first T + 1 meridional strands and the T + 1 longitudinal strands of T (B, k) and T (T + 1, a) respectively and glue the tangles together to obtain an embedding of K in Σ. Suppose π 1 (H), π 1 (H ) are still generated by x, y and x , y . Then this new embedding simply amounts to switching the position of x and x (cf. Figure 3 ).
Organization We first make some preliminary observations about knots in Table 1 and address families Spor, 1A, and 5 * in Section 2. Then we prove the primitive/Seifert-fibered properties of all other families in Section 3 and conclude that 4|q| surgeries on them yield prism manifolds P(p, q). In Section 4, we outline the approach to determine |p| for each family. 
The Braid Words
We combine [1, Table 5 ], [2, 
2 + 75s + 64
2 + 57s + 37
2 + 79s + 71
Prism Manifold Braid Word P type p = 22s + 25 q = 22s 2 + 53s + 32
1B
+ 2 p = 16ts + 8s + 30t + 11 −q = 16ts 2 + 56ts + 8s 2 + 24s + 49t + 18
2 − 1 p = 16ts + 8s + 18t + 13 q = 16ts 2 + 40ts + 8s 2 + 24s + 25t + 18
2 + 40ts + 8s 2 + 16s + 25t + 7
− 2 p = 16ts + 8s + 30t + 19 q = 16ts 2 + 56ts + 8s 2 + 32s + 49t + 31
+ 2 p = 4ts + 2s + 8t + 3 −q = 4ts 2 + 16ts + 2s 2 + 11s + 16t + 14
3A
− p = 4ts + 6s + 8t + 13 q = 4ts 2 + 16ts + 6s 2 + 21s + 16t + 18
+ p = 4ts + 6s + 10t + 11 −q = 4ts 2 + 20ts + 6s 2 + 27s + 25t + 30
3B
− p = 4ts + 2s + 6t + 7 q = 4ts 2 + 12ts + 2s 2 + 9s + 9t + 9
+ p = 8ts 2 + 8ts + 8s + 2t + 3 −q = 16ts 2 + 24ts + 16s + 9t + 14
− 1 p = 8ts 2 + 24ts + 8s + 18t + 13 q = 16ts 2 + 40ts + 16s + 25t + 18 
Remark 2.1. Except for the torus knots in family 5 * , all knots above resemble the twisted torus knots described in [7] , which provide a rich class of small Seifert-fibered spaces (three exceptional fibers or fewer) surgeries. In fact, our search for the desired knots starts from "generalized" twisted torus knots of the forms
For each family of knots above, we first compute their Alexander polynomials through the changemakers given in [1, 2, 3] . Then with Mathematica, we look for "generalized" twisted torus knots (usually with B ≤ 20, k ≤ 30) that have the same Alexander polynomials. By performing surgeries on such knots in small cases (1 ≤ s, t ≤ 3) and comparing the resulting manifolds with the expected ones, we are able to obtain a few candidates for each family, which eventually leads to the tabulation above. of family 5 − * result in the prism manifolds P(−2q − 1, q). Moreover, for the six sporadic knots, we have verified with SnapPy that 4|q| surgeries on them also give rise to their corresponding prism manifolds. Lemma 2.3. Suppose P(p, q) is a realizable with p ∈ Z and q > 0. (Here for p < 0, P(p, q) = P(−p, −q) as defined in the introduction). Then p = 3 (mod 4) if q is odd and p = 1 (mod 4) if q is even.
, and s(p, q) be the Alexander polynomial of K in t, the manifold obtained from 4q surgery on K, the Casson-Walker invariant of P(p, q), and the Dedekind sum in p and q. By [10, Proposition 6.1.1] and the reciprocity law of Dedekind sums, we have
which simplifies to
Remark 2.4. This is a generalization to [3, Lemma 2.3], and we follow a similar proof approach. This lemma allows us to decide the sign of a realizable prism manifold once we have determined |p| and |q|. For all the prism manifolds P(p, q) in Table 1 , we have verified that p = 1 (mod 4) when q is even and p = 3 (mod 4) when q is odd, which means to prove Theorem 1.1, we only need to show that 4|q| surgeries on K yield prism manifolds of three exceptional fibers of multiplicities (2, 2, |p|).
Lemma 2.5. The surface slopes of knots K in Table 1 (except for family 5 * knots) are 4|q|. Hence 4|q| surgeries are also surface slope surgeries.
Proof. Note that the surface slope of the torus link T (m, n) is mn. Since the two tangles contribute Bk and (T + 1)a respectively, the slope of K with respect to Σ is the sum Bk + (T + 1)a. For all knots in Table 1 (except for 5 * ), we verify explicitly that 4|q| = Bk + (T + 1)a. 
K(4s, 2s + 1, 2, 1, 1), so the resulting manifold is P(2s − 1, 2s 2 + s + 1).
Primitive/Seifert-Fibered Knots
Definition 3.1. An element z in the free group on two generators x and y is primitive if it is part of a basis, and
. The property with respect to H is defined analogously. Proof. Note that for knots K in families 2, 4, 5, we have a = 1. This means w = x m y for some m ∈ Z + .
Since x m y and y form a basis for π 1 (H ), w is primitive, so K is primitive in H . Now we compute w explicitly for each subfamily of knots. This means if we start from the i th strand, after passing x once, we will be at the (i − 4) th strand (mod 4s + 6). Similarly, traveling along y once sends us from the i th strand to the (i − 1) th strand (cf. Figure 2 ). Therefore have w = (x s+1 y) 2 (x s+2 y) 2 as shown:
Here the number 1 ≤ i ≤ 4s + 6 represents a point on the i th strand of the braid. Its position (either before or after (σ 1 Proof. For these knots, we compute both w and w explicitly. The computation for the subfamily 1B
is described in more details below, while the approaches for the other subfamilies are analogous.
Family 1B Family 1B 
4s + 7 
2s + 4 
4s + 3 Proof. By Propositions 3.4 and 3.5, every such knot K is primitive/(2, 2)-Seifert-fibered. Thus [7, Proposition 2.3] implies surface slope surgery on K yields a manifold P that is either Seifert-fibered over S 2 with three exceptional fibers or a connected sum of two lens spaces. If P is a connected sum of two lens spaces, since the two exceptional fibers have multiplicities 2 and 2, P = L(2, 1) + L(2, 1).
Then |H 1 (P)| = 4, which means the surgery coefficient is 4. However, |q| = 1 for each family in Table 1 . Contradiction! Consequently, P is a Seifert-fibered space over S 2 with three exceptional fibers. Since the first two multiplicities are 2 and 2, P is a prism manifold.
Multiplicity of The Third Exceptional Fiber
In this section we compute the absolute value of the multiplicity of the third exceptional fiber of P resulting from surgeries on knots in families 1B, 2, 3A, 3B, 4, and 5. By [14, Lemma 6 .2], we have:
Hence determining |p| amounts to computing the determinant of K. Note that for all knots K in the families above, we have odd B. Since K and Kσ B+1 represent the same knot, it is equivalent to compute | det(Kσ B+1 )|. Observe that the braid word Kσ B+1 has B + 2 strands. Consider the reduced Burau representation b of the braid group on B + 2 strands given by
where 2 ≤ i ≤ B and I m is the m × m identity matrix. Note that we have
Let b be the restriction of b to t = −1. Then since B + 2 is odd,
This provides a straightforward approach to compute |∆ K (−1)|. For matrices in this section, blank means all zeros, while horizontal, vertical, or diagonal dots refer to patterns along rows, columns, or diagonals. (For diagonal dots, all non diagonal entries in the block are zeros). In terms of patterns, 
, let M i be the i × i lower right part of the matrix above. Then by induction,
Hence in particular, b(σ 1 ...σ B ) is the matrix specified above.
2 ) is the matrix on the left when m is even and on the right when m is odd. (The quadrants of the matrix on the right correspond to the quadrants of the actual matrix.) 
Remark 4.4. Lemma 4.3 is proved by straightforward inductions, which we omit for concision. Note that for all knots K in families 1B, 2, 3A, 3B, 4, and 5, we have k congruent to some constants (mod 
Adding the last column to the second to last one and reducing every four rows, we obtain an upper triangular block matrix with I 4s and the matrix below in the upper left and lower right corners. Remark 4.6. Our proof of Proposition 4.5 for other families is identical to the case above. This proposition, combined with Lemma 2.3 and Proposition 3.5, completes the proof of Theorem 1.1.
